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Exercise Assignment #2:  
(The LEM programs and relevant outputs are attached at the end.) 

 
Question 1. 

The hierarchical relationship among the models is as follows: 

a (NA) 

b (HM-R) 

d (HM-RC) 

c (HT-R) e (SHT-RC) 

f (HTR-HMC)

 
The following table is the outcome of the application of each model: 

model 
Pearson 

chi-square
Log-likelihood 

chi-square 
DF BIC AIC 

a (NA) 35.7454 36.4188 8 -17.1674 20.4188 
b (HM-R) 9.1284 9.8777 6 -30.3119 -2.1223 
c (HT-R) 2.4148 2.4877 4 -24.3054 -5.5123 
d (HM-RC) 9.0793 9.794 5 -23.6974 -0.206 
e (SHT-RC) 6.6525 6.6353 4 -20.1577 -1.3647 
f (HTR-HMC) 1.8244 1.8577 3 -18.2371 -4.1423 

In order to identify the best-fitting model, we need to compare each pair of models 
which is in the direct relationship in the hierarchy. 
First, when we compare the model a (NA) and b (HM-R), its p-value is 2.414906e-06 and 
the null hypothesis that both models are equally fit is rejected. Therefore, we choose the 
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model b (HM-R). 
Second, when we compare the model b (HM-R) and c (HT-R), its p-value is 0.02484745 
and the null hypothesis that both models are equally fit is rejected. Therefore, we 
choose the model c (HT-R). 
Third, when we compare the model b (HM-R) and d (HM-RC), its p-value is 0.7723445 
and the null hypothesis that both models are equally fit cannot be rejected. Therefore, 
we choose the simpler model b (HM-R). 
Fourth, when we compare the model d (HM-RC) and e (SHT-RC), its p-value is 
0.0755233 and the null hypothesis that both models are equally fit cannot be rejected at 
5% level, although we can reject the null at 10% level. Therefore, we choose the simpler 
model d (HM-RC). 
Fifth, when we compare the model c (HT-R) and f (HTR-HMC), its p-value is 0.4273553 
and the null hypothesis that both models are equally fit cannot be rejected. Therefore, 
we choose the simpler model c (HT-R). 
Finally, when we compare the model e (SHT-RC) and f (HTR-HMC), its p-value is 
0.02883228 and the null hypothesis that both models are equally fit is rejected. Therefore, 
we choose the model f (HTR-HMC). 
In conclusion, we identify that the model c (HT-R) is the best-fitting one. 

 
Question 2. 
(a) (Column effect model) 

Because column effect model assumes the spacing of row categories is equal-distant but 
the row categories (religions) are nominal categories and not ordinal categories, we 
cannot employ column effect model. 

(b) (Simple heterogeneous row effect association model) 
Because simple heterogeneous row effect association model assumes both row 
categories and column categories are interval scales but the row categories (religions) 
are not interval scales, we cannot apply simple heterogeneous row effect association 
model. 

 
Question 3. (Homogenous RC model) 
(a) 

First, because the coefficients of the row effect are -0.8110, 0.4871, and 0.3239, the row 
categories (religion) are not equally spacing. Northern Protestant and Southern 
Protestant are the both extremes and Catholic locates between those two. The position 
of Catholic is closer to Southern Protestant than to Northern Protestant. 
In contrast, because the coefficients of the column effect are -0.7338, 0.0567, and 0.6770, 
the column categories (attitude) are almost equally spacing. 

(b) 
Under the homogenous RC model, the log-odds ratio of having negative versus positive 
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attitude in comparing Southern versus Northern Protestant is 0.4981 * (-0.8110 - 
0.04871 ) * (-0.7338 - 0.6770) = 0.604. Then the odds ratio is 1.83 (= exp(0.604)). 
This means that among the same education level we expect 1.83 times higher frequency 
of observing (Northern Protestant, Positive attitude) and (Southern Protestant, Negative 
attitude) than observing (Northern Protestant, Negative attitude) and (Southern 
Protestant, Positive attitude). 

 
Question 4. (Heterogeneous row effect model) 
(a) 

Under the education level less than or equal to 8 years, because the coefficients of the 
row effect are -0.4141, 0.5217, and -0.1076, the latent distances among religious 
categories are such that Northern Protestant and Southern Protestant are both extremes 
and that the distance between Northern Protestant and Catholic is smaller than the 
distance between Catholic and Southern Protestant. 
In contrast, under the education level from 9 to 12 years, because the coefficients of the 
row effect are -0.2557, 0.0909, and 0.1648, the latent distances among religious categories 
are such that Northern Protestant and Catholic are both extremes and that the distance 
between Northern Protestant and Southern Protestant is larger than the distance 
between Southern Protestant and Catholic. 
Also the distances between religious categories are smaller under the high education 
level than the low education level, which could be interpreted that education, by 
relativising effect of religions and substituting them with scientific knowledge and so 
on, made the distance between the religious categories smaller. 

(b) 
Under the heterogeneous row effect model, the log-odds ratio of mixed versus positive 
attitude in comparing Southern versus Northern Protestant is 1 * (-0.4141 - 0.5217) = 
-0.9358 under the low education level and 1 * (-0.2557 - 0.0909) = -0.3466 under the high 
education level. Each odds ratio is 0.3923 and 0.7071, respectively. This implies that we 
are likely to observe (Northern Protestant, Mixed attitude) and (Southern Protestant, 
Negative attitude) rather than the other two combinations and that the likelihood 
(association) is stronger under the low education level than the high education level. 

 
Question 5. (Heterogeneous-row RC model) 

First, as to the latent distances among religious categories, we observe the same 
tendencies we observed in the question 4. That is, under the low education level (-0.6315, 
0.7954, -0.1639), Northern Protestant and Southern Protestant are both extremes and the 
distance between Northern Protestant and Catholic is smaller than the distance between 
Catholic and Southern Protestant, while, under the high education level (-0.5384, 0.1970, 
0.3414), Northern Protestant and Catholic are both extremes and the distance between 
Northern Protestant and Southern Protestant is larger than the distance between 
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Southern Protestant and Catholic. We also observe the latent distance is larger under the 
low education level than under the high education level because the association 
coefficient is 1.0584 under the low education level while 0.4452 under the high 
education level. 
Second, as to the latent distances among categories of abortion attitudes, both Positive 
attitude and Negative attitude are extremes and Mixed attitude lies between the two. 
However, unlike the result discussed in the question 3, Mixed attitude is closer to 
Negative attitude, because the adjusted coefficients of the column effect are -0.7878, 
0.1415, and 0.6464. 
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*** INPUT *** 

   

  * Question 1a (NA) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

 

*** STATISTICS *** 

 

  Number of iterations = 2 

  Converge criterion   = 0.0000000000 

 

  X-squared            = 35.7454 (0.0000) 

  L-squared            = 36.4188 (0.0000) 

  Cressie-Read         = 35.7955 (0.0000) 

  Dissimilarity index  = 0.0860 

  Degrees of freedom   = 8 

  Log-likelihood       = -2126.81012 

  Number of parameters = 9 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -17.1674 

  AIC(L-squared)       = 20.4188 

  BIC(log-likelihood)  = 4313.9046 

  AIC(log-likelihood)  = 4271.6202 
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*** INPUT *** 

   

  * Question 1b (HM-R) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA,ass1(R,A,E,3a)} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

 

*** STATISTICS *** 

 

  Number of iterations = 6 

  Converge criterion   = 0.0000001063 

 

  X-squared            = 9.1284 (0.1665) 

  L-squared            = 9.8777 (0.1299) 

  Cressie-Read         = 9.3398 (0.1554) 

  Dissimilarity index  = 0.0355 

  Degrees of freedom   = 6 

  Log-likelihood       = -2113.53957 

  Number of parameters = 11 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -30.3119 

  AIC(L-squared)       = -2.1223 

  BIC(log-likelihood)  = 4300.7601 

  AIC(log-likelihood)  = 4249.0791 

 

WARNING: no information is provided on identification of parameters 

 

 

  type 1 association (group=E row=R column=A) 

  row           -0.2840   0.1692   0.1147 
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*** INPUT *** 

   

  * Question 1c (HT-R) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA,ass1(R,A,E,3c)} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

 

*** STATISTICS *** 

 

  Number of iterations = 11 

  Converge criterion   = 0.0000005267 

 

  X-squared            = 2.4148 (0.6600) 

  L-squared            = 2.4877 (0.6468) 

  Cressie-Read         = 2.4367 (0.6560) 

  Dissimilarity index  = 0.0138 

  Degrees of freedom   = 4 

  Log-likelihood       = -2109.84457 

  Number of parameters = 13 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -24.3054 

  AIC(L-squared)       = -5.5123 

  BIC(log-likelihood)  = 4306.7666 

  AIC(log-likelihood)  = 4245.6891 

 

WARNING: no information is provided on identification of parameters 

 

  type 1 association (group=E row=R column=A) 

  row 1         -0.4141   0.5217  -0.1076 

      2         -0.2557   0.0909   0.1648 
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*** INPUT *** 

   

  * Question 1d (HM-RC) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA,ass2(R,A,E,5a)} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

 

*** STATISTICS *** 

 

  Number of iterations = 7 

  Converge criterion   = 0.0000000925 

 

  X-squared            = 9.0793 (0.1059) 

  L-squared            = 9.7940 (0.0813) 

  Cressie-Read         = 9.2809 (0.0984) 

  Dissimilarity index  = 0.0360 

  Degrees of freedom   = 5 

  Log-likelihood       = -2113.49771 

  Number of parameters = 12 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -23.6974 

  AIC(L-squared)       = -0.2060 

  BIC(log-likelihood)  = 4307.3746 

  AIC(log-likelihood)  = 4250.9954 

 

WARNING: no information is provided on identification of parameters 

 

  type 2 association (group=E row=R column=A) 

  association    0.4981 

  row           -0.8110   0.4871   0.3239 

  adj row       -0.5724   0.3438   0.2286 

  column        -0.7338   0.0567   0.6770 

  adj column    -0.5179   0.0400   0.4778 
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*** INPUT *** 

   

  * Question 1e (SHT-RC) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA,ass2(R,A,E,5b)} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

 

*** STATISTICS *** 

 

  Number of iterations = 13 

  Converge criterion   = 0.0000004022 

 

  X-squared            = 6.6525 (0.1554) 

  L-squared            = 6.6353 (0.1565) 

  Cressie-Read         = 6.6416 (0.1561) 

  Dissimilarity index  = 0.0349 

  Degrees of freedom   = 4 

  Log-likelihood       = -2111.91840 

  Number of parameters = 13 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -20.1577 

  AIC(L-squared)       = -1.3647 

  BIC(log-likelihood)  = 4310.9143 

  AIC(log-likelihood)  = 4249.8368 

 

WARNING: no information is provided on identification of parameters 

 

  type 2 association (group=E row=R column=A) 

  association    0.9422   0.4089 

  row           -0.7817   0.5952   0.1865 

  adj row       -0.7587   0.5777   0.1810 

  column        -0.7744   0.1631   0.6113 

  adj column    -0.7517   0.1583   0.5934 
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 10

*** INPUT *** 

   

  * Question 1f (HTR-HMC) 

   

  man 3 

  dim 2 3 3 

  lab E R A * E=education(layer); R=religion(row); A=attitude(column) 

  mod ERA {E,R,A,ER,EA,ass2(R,A,E,5c)} 

  dum -1 -1 -1 

  dat GSS1980.fre 

 

*** STATISTICS *** 

 

  Number of iterations = 13 

  Converge criterion   = 0.0000007256 

 

  X-squared            = 1.8244 (0.6096) 

  L-squared            = 1.8577 (0.6025) 

  Cressie-Read         = 1.8349 (0.6074) 

  Dissimilarity index  = 0.0156 

  Degrees of freedom   = 3 

  Log-likelihood       = -2109.52958 

  Number of parameters = 14 (+1) 

  Sample size          = 811.0 

  BIC(L-squared)       = -18.2371 

  AIC(L-squared)       = -4.1423 

  BIC(log-likelihood)  = 4312.8349 

  AIC(log-likelihood)  = 4247.0592 

 

WARNING: no information is provided on identification of parameters 

 

  type 2 association (group=E row=R column=A) 

  association    1.0584   0.4452 

  row 1         -0.6138   0.7732  -0.1593 

      2         -0.8069   0.2952   0.5117 

  adj row 1     -0.6315   0.7954  -0.1639 

          2     -0.5384   0.1970   0.3414 

  column        -0.7658   0.1375   0.6283 

  adj column    -0.7878   0.1415   0.6464 

 


